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This article investigates the Talbot effects in Fibonacci geometry by introducing the cut-and-project con-
struction, which allows for capturing the entire infinite Fibonacci structure into a single computational cell.
Theoretical and numerical calculations demonstrate the Talbot foci of Fibonacci geometry at distances that
are multiples (τ+2)(Fµ+τFµ+1)−1p/(2q) or (τ+2)(Lµ+τLµ+1)−1p/(2q) of the Talbot distance. Here, (p, q)
are coprime integers, µ is an integer, τ is the golden mean, and Fµ and Lµ are Fibonacci and Lucas numbers,
respectively. The image of a single Talbot focus exhibits a multiscale pattern due to the self-similarity of the
scaling Fourier spectrum.
OCIS codes: (050.1950) Diffraction gratings; (070.6760) Talbot and self-imaging effects; (260.1960)
Diffraction theory
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The Talbot effect, also referred as self-imaging or lens-
less imaging, is of the phenomena manifested by a run-
ning repetition of lateral periodic fields u(x) along the
wave propagation z in Fresnel diffraction. The simplicity
and beauty of the effect triggered diverse researches re-
lated to coherent optical signal processing, and resulted
in numerous interesting and original applications[1–3],
providing competitive solutions to scientific and techno-
logical problems[4, 5].
On the other hand, Montgomery[6] demonstrated that
lateral periodicity is a sufficient, but not a necessary,
condition for self-imaging, and hence encouraged un-
explored avenues to relevant fundamental optical sci-
ences and device technology. In particular, aperiodic
optical media generated by mathematical rules recently
attracted significant attention in optics communities
due to their unconventional nature[7, 8] and full com-
patibility with current materials deposition and device
technologies[9–11]. Several recent researches have lever-
aged on aperiodicity as a novel strategy to engineer op-
tical manipulation, devices, and functionalities[12, 13].
This present work proposes to transfer the concept
of self-imaging to lateral-aperiodic objects[14, 15], and
mainly investigates the Talbot effects for Fibonacci ge-
ometry. Considering the Talbot effects are distinct
only in the paraxial approximation and when the il-
luminated geometry tends to infinity, this work intro-
duces the cut-and-project construction techniques[7, 16],
which capture the entire infinite Fibonacci structure in
a single two-dimensional computational cell. The cut-
and-projection procedure illustrates the fact that the
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Fourier transform of a projection operation is equiva-
lent to a cut operation and vice versa. In Figure 1(a),
the transmittance function of Fibonacci structure u(x)
along the dimension x is obtained as an irrational cut of
a periodic array of strips in the two-dimensional space
(x1, x2). This leads to a result of the Fourier spectrum
u¯mn,kx becoming a function of the projection of the two-
dimensional reciprocal lattice (m~kx1 + n~kx2) on the kx
axis as in Figure 1(b). Herein, the strips with width
w (x) and length ∆ (xc) = Λ [cos(α) + sin(α)] are ro-
tated by an angle α = tan−1 [1/τ ] with respect to the
basis (x1, x2) of the lattice having periodicity Λ. ~kx1
and ~kx2 are the basis vectors in the reciprocal space,
and τ = (1 +
√
5)/2 is the golden mean.
The transmittance function u (x, z = 0) for a Fi-
bonacci structure at z = 0 can be given by[7]
u (x, z = 0) =
∞∑
m,n=−∞
u¯mn,kx exp (ikmn,x · x) (1)
u¯mn,kx =
2
π
sin
(
kmn,xw
2
)
sin
(
kmn,xc∆
2
)
kmn,xw · kmn,xc∆ (2)
kmn,x =
2π
Λ
(m+ nτ)√
2 + τ
; kmn,xc =
2π
Λ
(n−mτ)√
2 + τ
(3)
It is easy to check that the distribution of (L, S) seg-
ments of the function u (x, z = 0) in Eq. (1) obeys a
Fibonacci sequence LSLSLLSLLSLSLLS..., in which
L = Λcos (α) and S = Λ sin (α). This can also be
seen in Figure 1(c). Other properties of the Fibonacci
Fourier transform are that, with the relation τµ+1 =
τµ + τµ−1, the sequence of Fourier vectors defined by
Eq. (3) can be shown to be invariant when multiplied
2Fig. 1. (a) indicates the cut operation to obtain the
transmittance function of a Fibonacci structure from a two-
dimensional periodic array of strips with w = Λ/4 = 1/2 µm;
(b) indicates the equivalent projection operation in its recip-
rocal space; a bubble chart with bubble size proportional
to the amplitude of Fourier coefficients; (c) shows the gener-
ated transmittance function u(x) from (a); and (d) shows the
Fourier spectrum amplitudes |u¯mn,kx | from (b) for Fibonacci
structure.
by any power of τ [7]. Moreover, in the limit of in-
finitesimal strip width w ≪ Λ, the Fourier spectrum
u¯mn,kx in Eq. (2) keeps invariant after scaling kmn,x
by τµ, since kmn,x → τµkmn,x gives u¯mn,kx (kmn,x) →
u¯mn,kx (τ
µkmn,x) = u¯mn,kx (kmn,x). The Fourier spec-
trum however is rescaled linearly along kx axis after
scaling kmn,xc by τ
µ, since kmn,xc → τµkmn,xc leads to
the approximation u¯mn,kx → u¯[τµm][τµn],kx mathemati-
cally. Note that τ , m, and n should keep finite in the
paraxial approximation. Figure 2 numerically shows the
self-similarity of the Fourier spectrum amplitude with
different kmn,x or kmn,xc scalings.
Fig. 2. Fourier spectrum amplitudes |u¯mn,kx | along the kx
axis with (a) scaling kmn,x by τ
−1, (b) scaling kmn,x by τ , (c)
scaling kmn,xc by τ
−1, and (d) scaling kmn,xc by τ . Relevant
parameters are set by w = Λ/100 = 1 µm≪ Λ.
We can calculate the propagation field u (x, z0) with
wavelength λ at distance z = z0 by the method of the
angular spectrum of plane wave[17]. In Fresnel diffrac-
tion, it is given that
u2d (x, z0) =
∞∑
m,n=−∞
u¯mn,kx exp (ikmn,x · x)
· exp [−i (k2mn,x + k2mn,xc)λz0/ (4π)] (4)
u1d (x, z0) =
∞∑
m,n=−∞
u¯mn,kx exp (ikmn,x · x)
· exp [−i (k2mn,x)λz0/ (4π)] (5)
Here, the field u2d (x, z0) represents the measurement
of a x-cut-line of the two-dimensional illumination in
Figure (1a), and the field u1d (x, z0) is for the mea-
surement of a one-dimensional grating in Figure (1c).
It is straightforward to define the primary Talbot dis-
tance zT = 2Λ
2/λ by the relation k2mn,x + k
2
mn,xc =
4π2
(
m2 + n2
)
/Λ2 for the field u2d. Since the dominant
spots of u¯mn,kx occur with kmn,xc having small n−mτ
(see Eqs. (2)-(3)), the function u1d can be treated as a
perturbation case of the function u2d with a phase de-
viation exp
[
ik2mn,xcλz0/(4π)
]
at small z0 < zT . The
properties of u1d will be discussed in the last paragraph.
Applying Eq. (4), the Talbot self-imaging for Fibonacci
geometry is calculated and shown in Figure 3.
Fig. 3. Talbot self-imaging for Fibonacci geometry with pa-
rameters w = Λ/100 = 1 µm, λ = 0.1µm, and |m,n| ≤ 30.
The figure shows the distribution of |u2d(x, z0)|
2 within the
propagation range 0 ≤ z0 ≤ zT /2 only for clarity purpose.
The profile within the other half-period zT /2 ≤ z0 ≤ zT can
be obtained by present figure with the relation |u2d(x, zT −
z0)|
2 = |u2d(x, z0)|
2
It can be seen that, aside from the conventional
fractional Talbot foci at z0 = zT · p/q[17], Figure 3
shows the irrational Talbot effects as well. Here (p,
3q) are coprime integers. This also can be understood
by the self-similarity of the scaling Fourier spectrum
in the Fibonacci structure. Consider the scaling of
kmn,x by τ
g, the scaling of kmn,xc by τ
h (g, h are in-
tegers), or the linear combination of different scaling
terms, e.g. k2mn,x by τ
2g+1 = τ2g+2 − τ2g, in Eq. (4).
Without loss of generality, the propagation phase term
exp
[−i (k2mn,x + k2mn,xc)λz0/ (4π)] ≡ exp [−iΦ] can be
given by
Φ =
πλz0
Λ2
[
(m+ nτ)
2
τ + 2
τg +
(n−mτ)2
τ + 2
τh
]
=
πλz0
Λ2
[(
m2 + n2
)
L g−h
2
− (m2 − 4mn− n2)F g−h
2
]
[
L g+h
2
+ τL 2+g+h
2
]
[4 + 2τ ]
−1
for even (g − h) /2 (6)
=
πλz0
Λ2
[
5
(
m2 + n2
)
F g−h
2
+
(
n2 + 4mn−m2)L g−h
2
]
[
F g+h
2
+ τF 2+g+h
2
]
[4 + 2τ ]−1 for odd (g − h) /2 (7)
where the relations below have been used[18, 19]
Fg+1 = (Fg + Lg) /2, Fg−1 = (Lg − Fg) /2 (8)
Fg+h + (−1)h+1 Fg−h = FhLg (9)
Lg+h + (−1)h Lg−h = LhLg (10)
Fg−h = (−1)h (FgLh − LgFh) /2 (11)
Lg−h = (−1)h (LgLh − 5FgFh) /2 (12)
Here, Fµ[18] and Lµ[19] are Fibonacci and Lucas num-
bers, respectively. From the constraint Φ = πℓ (ℓ is an
integer), the distance of the foci for the irrational Talbot
image can be decided by Eqs. (6)-(7)
zf = (2 + τ) [Lµ + τLµ+1]
−1 zT
2
for even
g − h
2
(13)
= (2 + τ) [Fµ + τFµ+1]
−1 zT
2
for odd
g − h
2
(14)
Here, µ = (g+h)/2 is an integer. It is easy to show that
zf is equal to the conventional Talbot distance zT /2 [20]
for g = h = 0. Note that the coefficients in the first
square bracket in Eqs. (6) and (7) give an even integer,
which can be proven by Eq. (8). Consequently an extra
factor 1/2 entered Eqs. (13) and (14). Together with the
extension of the fractional Talbot effect[17] for Fibonacci
geometry, the foci of the function u2d can be decided at
the distance
zf,µpq =
zT
2
(2 + τ) [Lµ + τLµ+1]
−1
pq−1
for even (g − h)/2 (15)
=
zT
2
(2 + τ) [Fµ + τFµ+1]
−1 pq−1
for odd (g − h)/2 (16)
with additional conditions of |u2d(x, zf,µpq + ℓzT )|2 =
|u2d(x, zf,µpq)|2 and |u2d(x, zT − zf,µpq)|2 =
|u2d(x, zf,µpq)|2. Remind that the scaling of kmn,x
(∝ τg) makes the sequence of Fourier vectors and
the Fourier spectrum u¯mn,kx invariant, and so dose
the term u¯mn,kx exp (ikmn,x · x) in Eq. (4). The
scaling of kmn,xc (∝ τh), however, signifies a rescale
of u¯mn,kx along the kx axis (see Figures 2), and
equivalently suggests an inverse scaling of u2d(x, z0)
along x axis by u¯[τµm][τµn],kx exp (ikmn,x · x′) →
u¯mn,kx exp (ikmn,x · x′τ−µ) ≡ u¯mn,kx exp (ikmn,x · x)
in Eq. (4). Since µ = (g + h)/2, the function zf,µpq
hence determines the Talbot foci of Fibonacci ge-
ometry having multiscale segments of (L/q)τ−ν or
(S/q)τ−ν = (L/q)τ−ν−1 with ν ∈ {0, 1, ..., |µ|} in rough.
Figure 4 depicts the numerical results for several zf,µpq,
and presents multiscale Talbot effects for Fibonacci
geometry. Figures 4(a) and 4(b) show the origin and
the repetition of the Fibonacci structure at z0 = 0 and
z0 = zT , respectively. Figure 4(c) is the focus image
at z0 = zf,111 = 0.3090zT having a dominant τ
−1 and
τ−2 scaling pattern. Figure 4(d) is the focus image
at z0 = zf,311 = 0.2639zT showing the distinct scaling
pattern up to the order about τ−5. Figure 4(e) is the
fractional image at z0 = zf,012 = 0.25zT illustrating
half-length Fibonacci segments L/q = L/2 and S/2.
Figure 4(f) is the focus image at z0 = zf,113 = 0.1030zT
depicting the 1/3-shrinking as well as the τ -scaling
configurations.
Fig. 4. Talbot images at (a) z0 = 0, (b) z0 = zT , (c) z0 =
zf,111, (d) z0 = zf,311, (e) z0 = zf,012, and (f) z0 = zf,113.
Parameters are defined the same as that in Figure 3.
Figure 5 shows the Talbot self-imaging of Fibonacci
structure u1d using the same parameters for Figure 3.
This image of u1d presents similar properties to that of
u2d (see Figure 3) at z0 < zT except for small pertur-
bations of the term exp
[
ik2mn,xcλz0/(4π)
]
by compar-
ing Eqs. (4) and (5). With the increasing propagation
distance z0 > zT , the phase deviation is amplified and
4it raises a significant departure from the inference by
Eqs. (15)-(16). In fact, the ergodicity of phase of u1d at
z0 ≫ zT will be unsettled until further studies.
Fig. 5. Talbot self-imaging for Fibonacci geometry with pa-
rameters w = Λ/100 = 1 µm, λ = 0.1µm, and |m, n| ≤ 30.
The figure shows the distribution of |u1d(x, z0)|
2 within the
propagation range 0 ≤ z0 ≤ zT /2.
To conclude, this article investigates the Talbot prop-
erties for Fibonacci geometry constructed by the cut-
and-projection method. Analytical formulae for Talbot
foci are deduced, which suggest for two feasible exper-
iments. Theoretical and numerical calculations demon-
strate fractional and irrational Talbot images, and ex-
hibit a multiscale Talbot effect due to the self-similarity
of the scaling Fourier spectrum in the Fibonacci struc-
ture.
This work was supported in part by National Cheng-
Kung University, National Center for Theoretical Sci-
ence (South), and the National Science Council of the
Republic of China under Contract Nos. NSC 101-2112-
M-001-024-MY3.
References
[1] K. Patorski, Prog. Optics 27, 1108 (1989).
[2] J. M. Cowley, Diffraction Physics (North-Holland,
1995).
[3] J. Wen, Y. Zhang, and M. Xiao, Adv. Opt. Photonics 5,
83130 (2013).
[4] W. B. Case, M. Tomandl, S. Deachapunya, and M.
Arndt, Opt. Express 17, 20966-20974 (2009).
[5] A. Badalyan, P. Mantashyan, V. Mekhitaryan, V. Ners-
esyan, and R. Drampyan, Proc. of SPIE 8767, 876705
(2013).
[6] W. D. Montgomery, J. Opt. Soc. Am. 57, 772778 (1967).
[7] C. Janot, Quasicrystals: A Primer (Oxford University
Press, 2012).
[8] L. D. Negro and S. V. Boriskina, Laser Photonics Rev.
6, 178218 (2012).
[9] E. Macia, Rep. Prog. Phys. 69, 397-441 (2006).
[10] E. Macia, Aperiodic structures in condensed matter:
Fundamentals and applications (CRC Press Taylor &
Francis, Boca Raton, 2009).
[11] W. Steurer and D. S. Widmer, J. Phys. D: Appl. Phys.
40, R229-R247 (2007).
[12] R. Verma, V. Banerjee, and P. Senthilkumaran, Opt.
Lett. 39, 2557-2560 (2014).
[13] K. Wu and G. P. Wang, Opt. Lett. 38, 2032-2034 (2013).
[14] J. Wang, W. Zhang, Y. Cui, and S. Teng, App. Opt. 53,
2105-2111 (2014).
[15] C. Zhang, W. Zhang, F. Li, J. Wang, and S. Teng, App.
Opt. 52, 5083-5087 (2013).
[16] I. L. Ho, M. T. Lee, and Y. C. Chang, J. Opt. Soc. Am.
B 29, 382-388 (2012).
[17] B. Besold and N. Lindlein, Opt. Eng. 36, 1099-1105
(1997).
[18] http://mathworld.wolfram.com/FibonacciNumber.html.
[19] http://mathworld.wolfram.com/LucasNumber.html .
[20] M. V. Berry and S. Klein, J. Mod. Opt. 43, 2139-2164
(1996).
